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AllBernstein(n,u,B)

{ /* Compute all nth-degree Bermstein polynomials. #/
/* Input: n,u =/
/* (Output: B (an array, B[0],...,B[n]) =/

B{0] = 1.0;

ul = 1.0-u;

for (j=1; j<=n; j++)

saved = 0.0;
for (k=0; k<j; k++)
{
temp = B[k];
B{k] = saved+ul*temp;
saved = u*temp;
} ;

B[j]l = saved;

}
Q)J&}@QA&JJ‘)&‘@:Y@@‘J)J\—Y &GJ‘&JL&L‘L}&@U@‘V—V@U
WS o dvnilao cslbu gyl wn
PointOnBezierCurve(P,n,u,C)
{ /* Compute point on Bezier curve. ¥/
/* Input: P,n,u */
/* COutput: C (a point) */
AllBernstein(n,u,B) /# B is a local array */

C=0.0;
for (k=0; k<=n; k++) C = C + B[k]»P[k];
}
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Ll PR 'S:’ ‘)j"'c 39-)4 a"..Li &"J: 'A"'Z'L.‘ p=2 3 U= {0?0,05152’3,47455,5’5} ;‘ d‘:""

Noo=Nipo=0 for —oco<u<oo

0<u<l
otherwise
1<u<2
otherwise
2<u<3
otherwise
J<u<4
otherwise

Neo=0 for —co<u<oo

1 4<u<$h
0 otherwise

Ngo=Ngg=0 br—m<u<a3

Nle—O

u—0

Noy = —— N,

0,1 = 0 0 00+0 0
u—0 1-—-u

Nl,l—o 0N10+1 0
u—0 2—u

Nz,l—‘—1_0N2_9+—~—2_1
u—1 3—-u

Nli,l—2_1N3,o+3g2
u—2 4—qu

Ny =

41= 375 4,0+4_3
u—3 4—n

Ngy =

5,1 4_3Mm+4_4

Neqi =

6.1 4_4Ns,0+5_4
u—4 5—u

N7.1k5_4 7,0+5_5
u—39 5—u

N8,1—5 5N8|1+5 5

Nap

N3 =

3

=
i

—oo<<u<oo

l—-u 0<u<1

0
u
2—u
0
u—1
3—u
0
u—2
4—u
0
u—3
0
b—u
0
4

—o<u <oo

AA

otherwise
0<u<l
1<u<?2
otherwise
1<u<2
2<u<3
otherwise
2<u<3
3<u<4
otherwise
3<u<4
otherwise
4<u<h
otherwise

4<u<h
otherwise
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1pu? 0<u<l1
u—0 3—u 2
Nz,zerNzg-i-:}‘lNa,l' —3o+3u—u 1<u<?2
1/2(3 — u)? 2<u<3
Yo(u —1)? 1<u<?
u—1 4—u
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N2,2 . {01 1, 2, 3}
Nsa : {3,4,4,5}
N2 : {4,4,5, 5}
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Slwlxo slo 2l E-1A-Y
s bss e 05k (3L \-Ys
int FindSpan(n,p,u,U)
{ /* Determine the knot span index #*/
/* Input: n,p,u,U =*/
/* Return: the knot span index */
if (u == Uln+1]) return{mn); /+* Special case */
low = p; high = n+l; /* Do binary search #*/
mid =(low+high)/2;
while (u < Umid] || w >= U[mid+1])

if (u < Ulmid])  high = mid;

else low = mid;
mid = (low+high)/2;
{
return(mid);

}
syt wly a3 dlas oY
BasisFuns(i,u,p,U,N)

{ /* Compute the nomvanishing basis functions #

/* Inmput: i,u,p,U #/

/* QDutput: N =*/
N[0]=1.0;
for (j=1; j<=p; j++)

left[j] = u-U[i+1~j];
right[j] = U[i+jl-u;
saved = 0.0;

for (r=0; r<j; r++)
{
temp = N[r]/(right[r+1]+left[j-r]);
N[r] = saved+right [r+1]*temp;
saved = left[j-r]*temp;
N[j] = saved;

}
4

a9
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el Nipy i p 2B ok 3l sl oS cond ders[k][j] s92s 59 )51 S 5 505

DersBasisFuns(i,u,p,n,U,ders)

{ /* Compute nonzero basis functions and their =/
/* derivatives. First section iz A2.2 modified =/
/* to store functions and knot differences. */
/* Imput: i,u,p,n,U =/
/* Output: ders #/

ndu[0] [0]=1.0;

for (j=1; j<=p; j++)

left[j] = u-U[i+1~j];
right [j1 = U[i+j]-u;
saved = 0.0;
for (r=0; x<j; r++)
/* Lower triangle */
nduljl [r] = right[x+1]+left[j-r];
temp = ndulr] [j-1]1/ndulj) [x];
/* Upper triangle «/
ndulr] [j] = saved+right [r+1]+temp;
saved = left[j-r]+*temp;

ndu[j] [j] = saved;
el sud 55 (AV=Y) sl Gl o B o) 0<k<n 5 0<j<p}

P,
Py

Po P3

A cubic B-spline curve on U = {0,0,0,0,1,1, 1,1}, i.e., a cubic Bézier curve.
FY-Y K

Y
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}
for (j=0; j<=p; j++¥)
ders[0] [j] = ndu(j

/* Load the basis functions */

1[p3;

/* This section computes the derivatives (Eq. [2.9]) */

for (r=0; r<=p; r++)

{

/* Loop over function index */

81=0; s2=1; /* Alternate rows in array a */

afo]l[0] = 1.0;

/* Loop to compute kth derivative */
for (k=1; k<=n; k++)

{

d = 0.0;

rk = r-k; Pk
if (x »>= k)

= p—k_;

als2] [0] = alsi]}[0]/ndulpk+1][rk];
d = a[s2] [0]*ndulrk] [pk];

}

if (rk >= -1)
else

if (r-1 <= pk)
else

jt =1;

ji = -rk;
32 = k-1;
j2 = pr;

for (3=il; j<=j2; j++)

a[s2] (j1 = (alsilljl-als1](j-1])/ndulpk+1] [rk+j];
d += a[s2] [jl*ndulrk+j] [pk];

if (r <= pk)

a[s2] [k] = -als1] [k-1]/ndulpk+1] {x];
d += a[s2] (k]*ndu[r] [pk];

ders[k][r] = d;
j=si; sl=s2;
}
}
/* Multiply through
/* (Eq. [2.9]) */
r =p;
for (k=1; k<=n; k++)

{

82=j; /#* Switch rous */

by the correct factors */

for (j=0; j<=p; j++) ders[k]1[j] *= r;

r *= (p-k);
}
}

ar
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Ol 52 S ixie 19-Y
[ e B yad ) dasly b pas o ol o (Saie SO
Clw) =Y Nip(w)P: a<u<b
=0
s s ol p asos Sand o Gl ol AN, (W)} 5 JES bl (P} ddaly ool Lo

(1+-7)

(055 508) g3 s20et (A8 Dl o <k
U={a,...,a,up41,-- ., Um-p-1,b,...,b}
r+l p+1
-Y U*V—VGLAJSJLMZJ=I JLI:O YJAM J.s.a.'bL: bd.ﬁ.u_)SJb Jan‘JA"J":"JA"SfJ’:'
sy bogs o (o8 S 050 UL ()
e e Gl ol s (¥
LT Lblte JLuS L 5o gl ol 85 shensud 5u0lie e (V¥
S e al 1y 358 dal e #-Y 5
CurvePoint (D,P,U.P,u,c)
{ /* Compute curve point */
/* Input: n,p,U,P,u */
/* ODutput: C */
span = FindSpan(n,p,u,U);
BasisFuns(span,u,p,U,N);
C=20.0;
for (i=0; i<=p; i++)
C = C + N[i)#P[span-p+i];
}
5 3,k el ol ool 5 caale 51 (236 4 ol 2 slainte Gal s Sl (s
(PY-YUSE) Lo Gade S C) wal U={0,....0,L,....1} 5 p=n SI(\
993 Al oA
Sass g n+l JHES LE slaad @ da s v (4SS gladaa By Saie S5 C) (Y
()55 FY-Y 5 FY=Y (gla it s g e m=ntp+] alaul 5 L 4 wiews m+1 Las S
AV X
«C()=P,, C(0) =Py : slgml Lla ool (¥
Ll et oS53 cuale 31 il Ml (o5 sl faie Al UL (¥

ar
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Ol Cane gy cuala FV=Y B YO-Ysla K3 Hu ioaae Gy cuasla (0
S9a TS palis Win Cans i g Hu (Fade ol sad suls (il Lo S
2 Cw) a3l p<i<m—p—1 aelu;ug) S &y oo oo blas
B salsa Hsans Pi—pa“"Pi JAK ble 5 K80 Gane gy
b crand S gloly g0 dau Pate SO O Ks 4S was e lds YV-Y K
cuelh wius bl ba S sy Py PP bla g en s e aladl
paficas A o, S C(%)UC(%);! oo 1S W€ o olal Cuas i gy
sl

“ioo oS [,010) 03k 59 S C Py g0 S sl b o s Lol £k (F
uelu;ui1) & NipU) gase sie ) casla ool (FA-YUSE) o
0 g oo o0

(IS ol aas e GLAS L) (Jade (glon IS5 (ot 0B S SIS (als i (V
S5 JAS als g © G (o (Pade 33L A Pl danu dg 58
5 soliiead L 0¥ Ui (sla fiaie (0+-F B ¥A-Y slaJ<3) o s walsa 3
g o Byl 5 (A0S slasla s 5 Oles IS B

p=1:U={0,0,%,§,§,§,1,1}
p=2:U= {0,0,0,%,%,%,1,1,1}
p=3:U= {0,0,0,0,§,§,1,1,1,1}

:4:U= l

P {0.000,01,1,1,1,1,1}

p=5:U={0,0,0,0,0,0,1,1,1,1,1,1}

las 5o (658 JOES LIS slasd w3l SAS Jade daj0 dg 58 o8l Lo

O ans 5o e aaie u) se Lo ot T JHIS ol win L ablss L
WS o Faus inde b b ablEs gl YU

a3 N (1) @55 soaiyBlae 5 (Shesy ) CWriydiie 5 (S (A

(OY-Y B OV-Y sla <) S o
OF=Y S ol wade (IS 5 (Ko (pa s Galais) JLBS el win 3 suldiad (V-
MMJQ-AULJJSPZZP3J::JJ J_):\:\S@JJL")YQJJ@A—\A&S—_I
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8ok JC(%)=P2 =Pyl Lo Ll LIS C(%)JC(%) O i o Wla
b Ol s A, bgha C(%)JC(%)O:‘:‘ JC(%)JC(%)O:‘:‘ slaka

O 5\5)13.3 ol ue[ij%) BY) P1P2P3 Cdans gy 3 92 LA :)‘ ‘:‘.ﬁu
e 1 |
cusp &y guans 4 S adl ¢ @l*@&@w\\éwgbbu=5a§

1 .
45‘_)9 J}iw‘)im(ﬂwﬁ _)\9]&») le‘_‘,l..’uuzzy C.\.A.uléln.-&.'bl:t

S eladisas 00b-Y 5 00a-Y sl Si ol Py — Py b Cslite 3idie

9P =P3 Joss JAS 4l b Ly S8 alis win g g 40 (Sale
.MQJ&A@;&L&)‘J)—}

(b)
Fr-v g

(a) Cubic basis functions U = {0,0,0,0, /s, 15, 3/4,1,1,1,1}; (b) a cubic
curve using the basis functions of Figure 3.2a.

45
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(b)
Py K

(a} Quadratic basis functions on U = {0,0,0, Vs, /s, 35, 44, 1,1,1}; (b) a
quadratic curve using the basis functions of Figure 3.3a.

Py

Py

fo-v K
The strong convex hull property for a quadratic B-spline curve; for
u € [, wi41), C(u) is in the triangle Pi 2P B,

v
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Py <
The strong convex hull property for a cubic B-spline curve; for u € [u;, uis1),
C(u) is in the quadrilateral P;_3P;_, P, 1 P;.
P,
P,

C(%)

Py

Py Py
R

A quadratic B-spline curve on U = {0,0,0, s, 2/, 85, 445, 1,1, 1}, The curve
is a straight line between C(3/) and C(3/).

FA-Y K

A cubic curve on U = {0,0,0,0, V4, Vs, %4, 1,1,1,1}; moving Py (to P§)
changes the curve in the interval [1/4,1).

aA
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Py

(b)
Fa-y K
B-spline curves. {a) A ninth-degree Bézier curve on the knot vector U =
{0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1,1,1,1}; (b} a quadratic curve using the same con-
trol polygon defined en U/ = {U,U, 0, lfs, 2/3. 3/3, 4/5, 5/5‘ 5/3, T/g, 1, 1; 1}.

Pl P2

o

@

P, P,
0¥ K

B-spline curves of different degree, using the same control polygon.

a4
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Py Py Ps

0V-Y K

A quadratic curve on U = {0,0,0, /s, %, 3s, 4/s, 4/5,1,1, 1} with a cusp at « = 4.

P,
P
| Ps )\
Py P, Ps Ps

A g -
A quadratic curve on U = {0,0,0, Ys, 2/s, 3/s, 4/s, 45, 1,1,1}; the first
derivative is continuous at 1 = 4/5.

Py

P] P3
Ps

4

Po P, Py

oY-Y K
A cubic curve on U = {0,0,0,0, Y4, Y2, 34, 34, 1,1,1,1}, C* continuous
at u= 1 and u = 1%, and C' continuous at u = 3.
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P,

| 31
OF-Y <

A quadratic curve on 7 = {0,0,0, Y4, Va, ¥, 1,1,1}; P; = P is a double control point.

P,=P;
P, Py
P;
Py
(a)
P=P;
P P,
Py Ps
(b)
00-Y K

Cubic curves with double control point P; = P3. (a) U = {0,0,0,0, Vs, 3/,1,1,1,1};
(b) U = {0,0,0,0, Y3, /2,1,1,1,1}.

Ve



CAGD Gl S 4 aia Galib g0 Jusd

3l el ol 5 580 ol CF () L Clw 3t ook
CWw) =S NDwP (y-1-Y)
i=0

CurveDerivsAlgl(n,p,U,P,u,d,CK)
{ /¥ Compute curve derivatives */
/* Input: n,p,U,P,u,d */
/* Output: CK */
du = min(d,p);
for (k=p+1; k<=d; k++) CK{k] = 0.0;
span = FindSpan(n,p,u,U);
DersBasisFuns(span,u,p,du,U,nders);
for (k=0; k<=du; k++)
{
CK[k] = 0.0;
for (j=0; j<=p; j++)
CK(k] = CK[k] + nders[k][j]*P[span-p+jl;
}

h

S us € o p-Daass 3 oM o paie K 5 Cl(u) € uls las GgSee
s e Busal ) Al b Q S L LU (a8

- v —p—1: 1) vy 1
U —{0,---,0,“})-{-17 » Um p—1 } (\U(—Y)
P P
P - B
Q= pui+p+1 — Uit (Vov-Y)
n—1 n-=1
(B = By .
Cu) = N; () ————— = Niy1p1(u) Q; “¥—
(u) P; i+1,p-1( )quH T ; P (V+¥-Y)

saly olas el s Cl'(w) L aaie 5 Cl) Ao Sgad 58 OV-Y 5 0F-Ysla i o

C0)= Q= ;2 (P - Py)

C'(l) = Qﬂ.-l =

P

— (P, - P, _
l_urrﬁp—l( n n 1)
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S e a1y CM(U) snie J3S LIS A-Y

CurveDerivCpts(n,p,U,P,d,r1,r2,PK)
{ /* Compute control points of curve derivatives #/
/* Input: n,p,U,P,d,r1,r2 =*/
/* Output: PK */
r = r2-ril;
for (i=0; i<=r; i++)
PK[0][i] = P[r1+il;
for (k=1; k<=d; k++)
{
tmp = p—k+l;
for (i=0; i<=r-k; i++)
PK[k][i] = tmp*(PK[k-1] [i+1]-PK[k-1] [1])/
(Ulri+i+p+1]-Ulri+i+k]);

<’y

(%)

\

AR =ETAY
(=)

Q2

(&)

DY K
A quadratic curve on U = {0,0,0, 3, 3/5,1,1,1}; (b) the derivative of
the curve is a first-degree B-spline curve on U’ = {0,0, %s, 3/, 1,1}.
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c'(0)

c'(y

Py C'(%s)

P

Py Py Py

C'(3k)

Qs
(b)
ovV-Y K
(a) A cubic curve on U = {0,0,0,0, 2, 3/s, 35,1, 1,1, 1}; (b) the quadratic
derivative curve on U’ = {0,0,0, 24, %, 3,1,1,1}.

N0 Geliia b 5T lgmil g8 4550 Fidie slaslo s ol yags 50 4a 9 ol o ate OAY K
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c(zg)

CO)

Py

P

Cm(z/s)

04-Y K

A cubic curve on U = {0,0,0,0, V4, 34,1,1,1,1} with first, second, and
third derivatives computed at u = 2/5.

re 0tz L CD (1) 5CPD(0) slaslusn slyags 0Fa-YULE a5 dass iate OA-Y S
(\ : Y/O uuL_.slo Ls) u=2/5 08 e da s ‘_s;s;.la ss:s e\g.u.n ) eJJ ‘JJ| C;m&.o Go\—VJSJ.:L_)J.AAJ
Y I )

Ol Zodoun Y-—¥
s o 5 a8 s s (JOES LI ) ea go 4k S OB L ol (o elas
:_\.ju.o Cuods a0 8 it S5 M o

n m

S,v)=> >N, )N, (P,
=0 j=0 (V-0-Y)
L
U={0,...,0,up41,. ., Ur—p—1,1,...,1
p+1 +1

V={0,---|O,vq+1,-¢o,vg_q_1,1,.-~,1}

g+1 q+1
C:_)L_LCC_‘A.hu‘L}‘)JJLAb;J‘_\aSQ.E@‘)JMA;S‘FI GlJlnga;r+] (5‘)‘AU
1o
r=n+p+l1, s=m+q+1.
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S o dslae (101) B o slae ualie ol M (o s 555 L 5 () A=Yl

SurfacePoint(a,p,U,n,q,V,P,u,v,S)

{ /* Compute surface point */
/* Input: =n,p,U,m,q,V,P,u,v =*/
/* QOutput: S =/

uspan = FindSpan(n,p,u,U);

BasisFuns (uspan,u,p,U,Nu);

vspan = FindSpan(m,q,v,V);

BasisFuns(vspan,v,q,V,Nv);

nind = uspan-p;

S = 0.0;

for (1=0; 1l<=q; 14+)
{
temp = 0.0;

vind = vspan-q+l;
for (k=0; k<=p; k++)
temp = temp + Nu[k]*P[uind+k] [vind];
S = S5 + Nv[1]*temp;
}
}

it Bd 55 I S el 0l s ol 5 el s 31 Sl M o psbas GalsA
sk galgd ool 3

5‘.&)‘.}).3\5 éJJg»S:ibj)LL‘sJ_)I\S L J‘A’S_}J‘_,_\ t:r'.)L..""""gr.‘ c'a...uq k¥4 C.Jlé_}d ;l (\
»_L_:‘)a:: VZ{O,D,I,I},Uz{O,Q,l,l} Sy S:: N _).L.a A:)L: XS] u_A‘)g
fd\;—} M‘J.& ‘,._.:a‘,:ac_la...uuS:.S(u,v) ‘Ml:l sads

f(?’—\‘ JS.:L) JJK‘;O (5‘@; @JL@% :)‘ C_'n.a.u (“
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S gy 5o Sy ST (U V) €[y, 1t X[V, LV, 1) Shicass Gusy conla (¥
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-u_nd&'abC_la.m_}‘g‘&(s‘m%_\._s_)ﬁ:Sﬁd)ﬁﬁ@qb.h&&.\.ﬁ;b—‘l@&)}*@)é (D
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L} ik

FY-Y < FA-Y S
(a) A cubicxquadratic B-spline surface;
(b) the strong convex hull property.
(a) A biquadratic surface; {b) a biquartic surface (p = ¢ = 4)
using the same control points as in Figure 3.62a.

b (@—k) p—k Sy) 2 o s Ll ol 55 pal s BV SUY) s pdaFide 5 (S s
(Lagpiaie ) wols OISl Bl s g aal g2 adg 3o () 1 Sk (S wax3 L (1) 1w g
ol iy 3l saliied i€ (A8 1) Gl ol 85 (Sl 48 055 18 ok JUIS b
15 08 (Sl il o S alasl K8 o (S5l K Gl 550 a5 Balale SIS

(PO-Y 5 A=Y cla ) wals didlas o sa s 4l
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ak+l n m
_ k 1
S =N w0 VO,
i=0 j=0
(\’f‘—V)
‘Lu.u\a.o‘_) L@JTd‘).;‘).x )359\95 ‘_;;_}.a olEiie ‘al.d\s L’,::)L_.u.u“_ﬁa c]a"""LSJJ Ll \*—Y&nt‘:
I, ui XL Js > oliide o GLASA 99 c]a.-.u sS:: £y K& (C.u.u‘ e d>p,q) JAS(;A

lead acuy ViV ulile b ok fpl iaas oo LS

(b)
oY K

(a) A planar quadratic x cubic surface, U = {0,0,0, Y4, L/, 3/y, 1,1, 1} and
V = {0,0,0,0, ¥, %5, 3, 45,1,1,1,1}; (b) Pas is moved, affecting surface shape only
in the rectangle {1/, 1) x [2/4,1).
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P-Y UK
A quadratic x cubic surface with crease, U = {0,0,0, 1/, 5,1,1,1} and
V = {0,0,0,0,4,1,1,1,1}.

Poq Poy=P3q=Pay

FO-Y U<

A bicubic surface with crease, U = {0,0,0,0, Y4, V2, %1,1,1,1,1} and
V= {O,U,U.O, 1f2,1,1, 1, 1}; P?.j = P3-i = Pd.j for 0 <j<a
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SurfaceDerivsAlgl(n,p,U,m,q,V,P,u,v,d,SKL)
{ /* Compute surface derivatives */
/* Input: n,p,U,m,q,V,P,u,v,d */
/* Output: SKL =/
du = min(d,p);
for (k=p+1; k<=d; k++)
for (1=0; l<=d-k; 1++) SKL[x] [1] = 0.0;
dv = min(d,q);
for (l=q+l; 1<=d; 1++)
for (k=0; k<=d-1; k++) SKL[k][1] = 0.0;
uspan = FindSpan(n,p,u,U);
DersBasisFuns(uspan,u,p,du,U,Nu);
vspan = FindSpan(m,q,v,V);
DersBasisFuns(vspan,v,q,dv,V,Nv);
for (k=0; k<=du; k++)
{

for (s=0; s<=q; s++)

temp[s] = 0.0;
for (r=0; r<=p; r++)
temp[s] = temp[s] + Nulkl [r]*P[uspan~p+r] [vspan-g+e];

1
dad = min(d-k,dv);
for (1=0; 1<=dd; 1++)

{
SKL{x] [1]1 = 0.0;
for (s=0; 8<=q; s++)
SKL[k][1] = SKL[k][1} + Nv[1] [s]=temp[s];
t
}
}

FAoY K

A bicubic surface defined on U =V = {0,0,0,0, /2,1,1,1,1} and its firsk
and second partial derivatives computed at u = 3/4 and v = 2/
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DS S 1) 308 e Ol JOES blE 4 il s Jleel b il oLl (Y
it L 5y S € S ik

LLS Caae gy o 50C)s LS Tu iy, ;1) S ioaas G gonold (¥
o8Oy ba eeud 5o u€[0.25,0.5) sl C) S (PV-YUS2) Py, Py JaS
058 o )58 {Pl,...,P4} 3 JSde Cane i gy

- Gidio (8 55 waas k) 5L p-k @S 54 58 5 9 gandl sk (2,8 850 JAls 5o C) (¥
ol 5ady
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1ol el (e 5By (e S (RS 05K 0 pam S ale S (P
oo 2alS By () o Ny (1)

Rojs Ry 3

R1,3 -7 R5’3

o._
=
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(b)

R Sate Caae gy cualA AV-Y (K

U = {0,0,0,0,", /2, 3s,1,1,1,1} and {wo,...,ws} = {1,1,1,3,1,1,1}.
(a) A cubic NURBS curve; (b} associated basis functions.
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W3 5os omdS b ae 5a 50 dade JKb HudS AA-Y (K

Rational cubic B-spline curves, with w; varying.
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Ro 3 Rg3
11
R3 3
Ri3 Ras , Rys R 3
/s 1/ 3/
(a)
Ros Rss
L ,
R2,3 Rq,a
Ry 3 Rs 3
Ry 5
0 s 1y W 1
(b)
Ry 3
R 3
i R 3 Ry
Ry Rs 5
0 1, 1y 3y 1
(c)

23008 e ly @I58 e G S BB VY I
The cubic basis functions for the curves of Figure 3.68 (a) ws = 1; (b)
w3 = 3f19; (¢) wy = 0.
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Ry, R Ras
1+ 1,2
Hy o Rz
0 1/3 2/3
(a)
Ry,
R
1 32,2 e
Ry,
Ryo
0 s 2/, 1
(b}
R0.2 Rglg R4‘2

(c)
3008 (e Gl BI85 5 GO owds LSBVA-Y K
The quadratic basis functions for the curves of Figured.70 (a) wn = 4;
{(b) wy = 3h0; (C) un = 0.
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P;

009 smds b Sade JS& &lhmiS S ha VY-Y Ko
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n
C"(u) = N; ,(w)P;" (\\--Y)
i=0
W o e ll lue K 5o 1 e el s it 5 1l al5 ol DAY b5

CurvePoint(n,p,U,Pw,u,C)
{ /* Compute point on rational B-spline curve */
/* Input: n,p,U,Pw,u =*/
/* Output: C */
span = FindSpan(n,p,u,U);
BagisFuns(span,u,p,U,N};
Cw = 0.0;
for (j=0; j<=p; j++)
Cw = Cw + N[jl*Pw[span-p+jl;
C = Cw/w; /* Divide by weight =x/
}
09 g oo JSE YU slag) 55 b e B unSEtie @IS Julas S aul 55 o lELEs
G2 (et Gl (o sla St lEiie dlas sl (plagl 5 Ll s U8 slagias

55 oS aa O (U) @l ol ien 15 Lol 5 Ladl 5 T it
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First, second, and third derivatives of a cubic NURBS curve computed at
U= 1h with wy = Y5> and w; = 1,7 # 3.
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\Y-Y &‘3

RatCurveDerivs(Aders,wders,d,CK)

{ /« Compute C(u) derivatives from Cw(u) derivatives #*/
/* Input: Aders,wders,d */
/* Output: CK =/

for (k=0; k<=d; k++)
{
v = Aders({k];
for (i=1; i<=k; i++)

v = v - Bin[k] [i]*wders[i]*CK[k-i];

CK[k] = v/wders([0];
}

}

3025 Zslous YY—Y
s M Jud o8 S v il Hu g dans s u Bl Hap 4a0 3 0 e S

SCIV SRR A AR TR RN

Z ZNi,p(u)Njnq(v)wi’jPi’j
i=0 j=0
3 3 Naplu N a(w

i=0 j=0
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0<U,US]. (\\\ﬁ_y)

g oo usad 5y sl S s sas oS GN; (V) 5 N () Gaisue il 55

U= {0,...,0,up+1,...,uf_p_1,1,...,1}, r=n+p+1
p+l ptl

V={0,...,0,v441,...,vsg-1,1,...,1}, s=m+g+1.
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(b)

VE-Y S
Control net and biquadratic NURBS surface, w1 = w12 = w1 = wz2 = 10,
with the rest of the weights 1. I/ = V = {0,0,0, /5, %3,1,1,1}. (a) Control
net; (b) biquadratic NURBS surface.
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Bicubic NURBS surface defined by the control net in Figure 3.74 with
U=V =1{0,0,0,0,1,1,1,1,1} and with the same weights
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(b)

YW=y K

The basis function H, o, (u, v), with U = {0,0,0,0, 14, 4, 3/,1,1,1,1} and
V = {0,0,0, Vs, 25, 95, 35, ¥, 1. 1,1}, wi, = 1 for all (4,5) # (4,2). (a)
wa,2 = %5 (b) wy o = 6.
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SurfacePoint(n,p,U,m,q,V,Pw,u,v,S)
{ /* Compute point on rational B-spline surface */
/* Input: =n,p,U,m,q,V,Pw,u,v */
/* DOutput: S =*/
uspan = FindSpan(n,p,u,U);
BasisFuns (uspan,u,p,U,Nu);
vspan = FindSpan(m,q,v,V);
BasisFuns(vspan,v,q,V,Nv);
for (1=0; 1<=q; 1++)
{
temp[1] = 0.0;
for (k=0; k<=p; k++)
temp{1] = temp([1] + Nu[k]*Pw [uspan-p+k] [vspan-q+1];
}
Sw = 0.0;
for (1=0; 1l<=q; 1++)
Sw = Sw + Nv[l]l*temp(l];
S = Sw/w;

}

v= 1/4Ju: 3/434@,5‘3_;},;@&3“43dj\g.:f@;_;olsmu\//\—\'Js;z
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vsu s 0Sk+1<d oy o1, SED (U v) climse 5 SuybE ob ol A F-Yub
Rat8urfaceDerivs (Aders,wders,d,SKL)
{ /* Compute S(u,v) derivatives =/
J* from Sw(u,v) derivatives =/
/* Input: Aders,wders,d =/
/# Qutput: SKL */
for (k=0; k<=d; k++)
for (1=0; l<=d-k; 1++)

v = Aders[k][1];
for (j=1; j<=1; j++)

v = v - Bin[1] [j]~wders [C] [j)*SKL[k] [1-3];
for (i=1; i<=k; i++)

{

v = v - Bin[k] [i] *»wders[i] [01*SKL [k-i] [1];
vz = 0.0;
for (j=1; j<=1; j++)
v2 = v2 + Bin[1] [j]+wders[i] [j]1#SKL[k-i] [1-j];
v = v - Bin[k] [i]#v2;

SKL[k][1] = v/wders[0] [0];

}
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n
S(u,7) = C(u) + 5dW = »_ Ry (P + 0dW)
=0
WY s
MakeNurbsCircle(0,X,Y,r,ths,the,n,U,Pw)
{ /% Create arbitrary NURBS circular arc =/
/* Input: O0,X,Y,r,ths,the */
/* Output: n,U,Pw */
if (the < ths) the = 360.0 + the;
theta = the-ths;
if (theta <= 90.0) narcs = 1; /# get number of arcs */

else
if (theta <= 180.0) mnarcs = 2;
else
if (theta <= 270.0) narcs = 3;
else

narcs = 4;
dtheta = theta/narcs;
n = 2*parcs; /* n+l control points */
wl = cos(dtheta/2.0); /* dtheta/2 is base angle */
PO = 0 + rxcos(ths)*X + r*sin(ths)*Y;

TO = -sin(ths)#*X + cos(ths)*Y; /+ Initialize start values */
Pw[0] = PO;
index = 0; angle = ths;
for (i=1; i<=narcs; i++) /* create narcs segments */
{
angle = angle + dtheta;
P2 = 0 + r*cos(angle)*X + r*sin(angle)*Y;
Pwlindex+2] = P2;
T2 = -sin(angle)*X + cos(angle)*Y;

Y4
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Intersect3DLines(P0,T0,P2,T2,dummy,dummy,P1);
Pw[index+1] = wisP1;
index = index + 2;
if (i <narcs) { PO =P2; TO=T2; }
}
j = 2%narcs+1; /* load the knot vector */
for (i=0; i<3; i++)
{ ULl = 0.0; Uli+j]l = 1.0; }
switch (narcs)
{
case 1: break;
case 2: U[3] = U[4) = 0.5;

break;
case 3: U[3] =U[4] = 1.0/3.0;
u[ls] = Ul6] = 2.0/3.0;
break;
cagse 4: U[3] = U[4] = 0.25;
U(5] = UL6] = 0.5;
U[7) = U[8] = 0.75;
break;
}
}
el 2 e 2 s (ol tals
n 1
S(u,v) = z ERi.p;j,l (u, v} Py (\Y1-Y)
i=0 j=0
Lo 5 JoiiS blE asis C) pate (a8 Sy ol U 3 V = {0,0,1,1} o<, ol
)‘ ..\I\JL.\I-
Pio=P;,and Piy = P; +dW, w; o = w; ;1 = w;. (\YY-Y)
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A curve interpolation example using chord length parameterization and a
knot vector obtained by averaging parameters.
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GlobalCurvelnterp(n,Q,r,p,n,U,P)
{ /* Global interpolation through n+l points #*/
/* Input: n,Q,r,p */
/* Dutput: m,U,P */
m = ntp+i;
Compute the uk; /* Eq.(9.5) or (9.6) */
Compute the knot vector U; /* Eq.(9.8) */
Initialize array A to zero;
for (i=0; i<=n; i++)
{ /* Set up coefficient matrix »/
span = FindSpan(n,p,uk[i],U);
BasisFung(span,uk{il),p,U,A[i] [span-p]); /* Get ith row */

}

v
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LUDecomposition(A,n+1,p-1);
for (i=0; i<r; i++) /* r is the number of coordinates */

{

for (j=0; j<=nm; j++) rhs[j] = ith coordinate of Q[jl;

ForwardBackward(A,n+1,p-1,rhs,sol);

for (j=0; j<=n; j++) ith coordinate of P[j] = sollj]l;

}
—1
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SurfMeshParams(n,m,Q,uk,vl)
{ /# Compute parameters for #/
/* global surface interpolation #*/
/* Input: n,m,Q =*/
/* Output: uk,vl =/
/* First get the uk */
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num = m+l; /* number of nondegenerate rows */
uk[0] = 0.0; uk[n] = 1.0;
for (k=1; k<n; k++) uk[k] = 0.0;
for (1=0; 1<=m; 1++)
{
total = 0.0; /* total chord length of row */
for (k=1; k<=n; k++)
{
cds[k] = Distance3D(Q[k][1],Q[k-11[1]);
total = total + cds[k];

}

if (total == 0.0) num = num-1;

VA-Y s
GlobalSurfInterp(n,m,Q,p,q,U,V,P)

{ /* Global surface interpolation */

/* Ioput: =n,m,Q,p,q */

/* Output: U,V,P */
SurfMeshParams(n,m,Q,uk,vl); /* get parameters */
Compute U using Eq.(9.8);
Compute V using Eq.(9.8);
for (1=0; l<=m; 1++)

{

Do curve interpolation through Q[0]1[1],...,Q[n]1{1];
This yields R[0][1],...,R[m][1];

}

for (i=0; i<=n; i++)

{

Do curve interpolation through R[il[0]l,...,R[il[m];
This yields P[i]1[0],...,P[i][m];

}
}
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Global curve fitting. {a) Seven control points;
(c) eleven control points.

V¥4

(b) nine control points;



CAGD Gl S 4 aia Galib g0 Jusd

S S obibe eBu 1, Q5 Qo5 Q 0 Qoo asS L V-Vl
L s0l0S8 oo sms ol e JBlas Jate slagi e O s col ) pe <008 1, {Qy 1} b
(VA=) 5 (Y¥4-Y) 5 (V¥O-Y)oYalas
VA=Y &IU
GlobalSurfApproxFixednm(r,s,q,p,q,n,n,U,V,P)
{ /* Global surface approx with fixed num of ctrl pts */
/* Input: r,s,Q,p,q,n,m */
/* Output: U,V,P */
SurfMeshParams(r,s,q,ub,vb);
Compute knots U by Eqs.(9.68),(9.69);
Compute knots V by Egs.(9.68),(9.69);
Compute Nu[][] and NTNu[][] using Eq.(9.66);
LUDecomposition(NTNu,n-1,p);
for (j=0; j<=s; j++)
{ /% u direction fits */
Temp[0]1 [j] = Qo,;; Temp[n] [j1 = Q- ;;
Compute and load Ru[] (Egs.[9.63],[9.67]1);
Call ForwardBackward() to get the control points
Temp[1][j],...,Temp[n~11[j];

Compute Nv[I1{] and NTNv[]{] using Eq.(9.66);
LUDecomposition(NTNv,m-1,q);
for (i=0; i<=n; i++)
{ /* v direction fits */
P[i1 (0] = Templil[0]; P[il[m) = Temp[il[s];
Compute and load Rv[l (Eqs.[9.63],(9.67]);
Call ForwardBackward() to get the control points
| PLil[11,...,P[i] [m-13;

}
W57 S5 5o datie JLES LIS 5 b (55l i Weols 31 e (1) S o suliied
B sas e alasl JSBS LI ol (555 (oo cumses 353 g0 850 Tempfit1][s+1] as
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ol o e sl UL L3 NN (LU 40383 5 558 aunlane s g L2 sl UL
Nofs-1][m-5 ucsga 59 Gblss o N Nufn-1][n-1] 5 Nufr-1][n-1] Jas latsl 51 .o 52
Rufm- 53 (YAA=Y) dlslae Lo Rl aia3¥ v cagam 53 OB\ sl N Nvfm-1]m-1] 51]

S5 o 8 A 1], Rufn-1]
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This boundary % 2

dues not evist X-y k(A-Y) = X-*Y

(b) Regular sets

suclil (slic gano GLA_)SJAL N Ay S
Q«;\-ﬁuﬁ \—Vd‘g_\:‘; o AJB L;Léss‘glg ESX IS a._\.ctél.) (5‘4&\9.«;4: ;:;L_ala:_ JLA.{;‘ C__|l:\:| (J‘:\A

QLZ& C.\JL‘;).A&‘).\ \—VJJ_\:’; od d,...aL; C__|l:\:| ANu (r—set)a_\r.L’qL., Guu}m AJB(J.;
4_.;‘914 JB;S‘)LZ‘ “J\g‘ C,\JL& (5‘).\ Q.a.u‘ e\,.la.a M:.L"ql_) CLQSA‘ C.\L_\Lot- c_il:\.\ CA.A.H‘ sad suls
f..\)‘._\SJJ..;\sé‘)ﬁ‘ﬁéddb)d.éﬁ@dh&}h&&ﬁlﬁQ‘f‘)..;)..\dsc‘\.m‘xs‘)mm
:)‘A LJJ.&BS&JM&&\QJ&JJ‘QYL;JJ.M‘ SM%JJSQ:BS‘J@‘A ((;JL@.}C,\.‘L&

WS o Jae 4ol pa S o) geas (i olilee

\#Y
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iy BLL S 4 mile 5 galib

By A oSl s ollee gl V=Y sua

Case Objects Set operation Result
1 ‘gg Au*B (\\\)
An*B @ (null object)
A-*B Ej
e |~ |95
= .
n*B & (null object)
A=2'B ( D
T -
3 4 i\‘ AU*B fﬁ
S
An*B @ (null object)
A-*B % \’
)
4 Au*B - j
)
An*B @
A-*B ﬂ @

\lad
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7 Vs
cerles win G e b gubdiih Vo V- S

Cagguie (S igdiab Y-P-YY-Y
S 1blE 5 5o adl o slas plaliie Jao g Soide Juad Wl puiige Jolwe Ho L2
e bdaba ool LB Wl GS5% paa b paa b paa b gl paa b (Pate) s
otid S i fad Plas 0 S Slalbia 1) 500 S pols g s (JAl e
alsd dalae y Sotla 5o geaa Joo b b S1nsl Y il osd e slas,lS
JAS @l aaa b paa S 5 Ray tracingslagls 3osb 31 Ldse ars
59 Blo 0l 5 S 58 L3 asadie soliid Jae o G (nterference checking) galivid
(o0 desaae X 050l de pane S 5 Spa e de sane S ialions aslas LIS ) de sane
O oo S pola aitiwa bS5 S Liish o S 5 JAls S ool pemditis caan Jao Y sens
T 3 pd st § € Saaesd s €S Sl (5l peasih e 33l e gans a6
508, iS 4 (ena slaciawd L labd o, blE) X paic alids slaciansd o] duw s o
8 g oo 8anels o pine (aidBils WS gl oo s3ls cd (compelementary S) ¢S
Sy € @i L e ) el iy Bl je ki abdib Ul ol JUe Olsia
V=Y USE ol s 8 50A0 gans 8 Brep pob S Spsee 0 o) 5o (e pan)2ls
Cranad g €S st ST (55 5h clsgen sl L b aas e (iulad | Brep Giules olla
il 52y 5 e Slla ol 550K D18 e 550 O
g ol Pra Py C_LE LaJL L ba tla\:q: Lol yn KO 5l sulaiad U (al
& sy Mo 3 o S ya L (sl s 3355 g Ko b (550 BLE (o
(B.,P,,P. P}

LS 5 Al 2B p g5 350 bl sules clla () (51 pbi oo (sl R 0 e L (g
D ol @obie R 4 et L gl Gl 5ol ol L aas e abaS ¢ 550 155

R s (PLE )

\P¥



Advanced CAD/CAM ey DL SS @ cala 5 alhb

R sl (Pet Py 1) (\04-Y)
R 25 (P P 5)
S olis ol b o (150 dalye € dd alse conn sladas gandib slans
oo Blad Ll 5o Lo Sliwan aloa 5 st olidsa
(Solid representation) (o> \ yirslos E-YY-Y
£k e 8 e T e Juto 4 1 prasn S iy Lol e oo ¢ paman il b S
9 JolS ity (a sl a0 o sitas sladae 4 (o olilae s | sl sualic CSG
3 el (ab san HLas 1) a5 188 5 88 T Aau g b0l 55 S oS ool €IS
3 g gk 5Ss Bk Bl aans LS| aas 08l 55 e S5 5 Gl 45 0y S 0 G185 02
S il slagsh pal s aass Sl |y a5 31 Gl Jie S 4 el a sl JolSU
R I VSRV PP ST -5 | PR KPR R PR VE PR PR Y VR PN
aass ol 1 el Wl e S ol alal (IS Gales ok S diely saiela—
el s OBy T peatia 5l b ly S8 el
S laol Wl 550 S ladae degane (A (T 355 50 O pob Ko slitel :liel —Y
33 8 o Gaad
5 hbsd w5l Sty @l 1) ok ol cns el Gl irsas b JLS-Y
Jie 3550 50 (SIS oledal wls JalS ok K i€ o faaad [Sos ceadigs olas
RS LA LT s slulas alasl 6l
oo 4SBT 51 S el Galin Wadas sl s sloe (S o) (SIS-Y
SIS onin Mae cud JSiie 5 SV s Sl Ladie €S0l 59 pusia (553l
e Jor
S SLaia) lias i(Efficacy) (saias s days solad ol sgu (Conciseness) HLaial-0
LT Lo oS lagsh woos 5L a5 i3 sy S ) oMbl pam ek
- oS L) slasals 5 5555 oSl 5o sols slao, Ll gl sut cle 5 HLuaial
Al € alene K 5l sl JEB) IS 5 sale LT o Al (53 ol 4 il
e a1 oS suliiead LIS (penn Jie S5 Giolss alasl e s oV Koo
5208 Wi gr SleMl 5 S 35l s (pena sladbadse ST 5o s (rage S
S Sa Sl oialas 5 )lS ey 5a ok (saien gas Ao 0 0 S e aladl CSG (b g
sl o (2L G aleal (Bl 53 S o s T a0 lS slagls ol
s sl S 8185 ,Zs (slapls gl oMl e ws & T & il 5 e
LT oledlll 31wl 53 (5050518 (sladali s 3l (gals) slass < witiua olag sk
13 a3,k 3y pe sl (slagsle (3 shite oS sulii
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(Half- space ) -y p
(Boundary representation) sl <
(Constructive Solid Geometric) u"L“:‘“L"" oo deudia
(Sweeping) ol
(Analytic Solid Modelling) hlaS cena
(Cell decomposition) LS b L3S
(Spatial enumeration) wbad (i slad
(Octree encoding) U cndia 5138

(primitive instancing )

—‘a‘).] I o LAC_).E o e u,-.’ﬁ.)‘? s CSG B-rep C_,Je Ay ‘LAC_,.B Q“..‘ O ol
“p ol )“_"_‘MC.\.UJ_).G.G .Lusu.o salaial YU c).la.u%‘._.s&:s_)‘ o Sladas sla,lsal
Ju%c%ulg_,ksle;il_,¢.cwlauTY—Y JJJ_A)JLQQTG_}S‘)A‘_;:A:}MC‘).EG‘HA_LAJ‘}‘
IS 18 a5 950 Jl ook

UaS eu Hiles 1-E-YV-Y
‘}1(5\‘:_\:_\_3\_3i.cw\...éé‘a__d.an)l&Mgéa\,uL«@ad&#Mémﬁ

QuliQJJmQL;AA{mL;LA&JJLLL

H={(xvz2)z < -}
H={(x,y,2:x"+y"<R"}

H={(x,y,z2):x"+y " +z"<R"} (15+-¥)

H={(x,v,2:x"+v" < [(tana/¥)z]"}
H={(x,y,2:(x"+y"+z" —R{—R))"<TR(R,—=z")]

\#p
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dase e Sladie din Cuyed Y-V Jou

Primary User modelling
Representation Input based
scheme On
Modeler Vendor B-rep CSG B-rep CSG
BMOD Auto —trol x x
CATIA IBM x x x
CMOD Auto —trol x x
DDM SOLIDS GE Calma x x x
EUCLID Matra Datavision x x x
GEMSMIH Vulcan x x x
GEOMED SDRC x x x
GEOMETRIC
MODELING SYSTEM Graftek x x
ICEM CDC x x
ICM GMS IcM x x x
INSIGHT Phoenix Data % % %
Systems
MEDUSA Prime Computer x x x
PADL-2 Cornell University x x
. . Hyper

A * X

PATRAN-G PDA Engineering ASM Patches
Evans and x «

ROMULUS Sutherland
SOLIDESING Computer vision x x x
SCLIDS MODELING II | Applicon x x x
SOLID MODELING N " "
SYSTEM Intergraph
SYNTHVISION MAGI x x x
TIPS-1 CAM-1 x x
UNIS-CAD Sperry Univac x x
UNISOLIDS Mec Donell Douglas x x x

* Analytic solid modeling

\PY
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L

s\,
e
Zu
Planar halt-space
)4II
R
ey Xy
/‘I
Cryhindnical half space (R~ () Spherical halt space (R > ()

)'“

Twosheet conical half-space Torowdal half-space
< o< (Ry>0.R.>0.R.>R,)
S laliad oV A-Y K
1y lad as cuanl Lad s (5350 geass libas F(p) = + 5 Liad 51 shelal p i ya3 0l 5
rs a5 sain pom Sy 08 oS58 s L she pane bbee 31 sslitd L ol e
slootia 5 Ghssde (oS (OISl (sladio glalad an dalad an Gy 500
5w sle Labias aws cpl Flp)asload sl GLas VA=Y USE o Laliad o (pl s

Jae ool alaol (sl ol sud alool Las a4 51 sliiud L VA=Y ISE 58 S cana Jas

Q@.;Jafﬁy)dc,ia&gum&)l:u:ﬁj‘bduﬁﬁu‘le._\.Jl.)‘._\]..r“‘)uwﬁl:)‘w.aa_}
g oo sul@ind o alidae 31 jnlie (oS53 (gl 5 wals 18 alie

\PA
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} H, i
.. - o
’ 1
y ; Ha
| / 1 .
l i i//‘ {\(,
r‘ R H, i Z i
) i / } "‘4"",’{7”'"“'“f'c’//f’//,!ﬁ’/}/,"//fV’
: (N { B 7
B b d H
, NN ' I" |5 z Y
7 ‘“?‘_ VII7IIP0 777 i ,7
p- s J H, ¢ 7
i J
|

(a) Sohd § (b) Half-space representation
S psn (ol as ol V- A-Y K

03 ool JSs glap ol b nlie Hu alesal (ialad (o ealas (Ghg) ool (Lol oo
plla e Hu el Wl IS eaa lades il (Sae oo pas O, 5
ol o LIS g en ad aala Jide aliun Sas gl b OF slasaly &Ll laal
o wado (SlEEAT slasIS (6l s LBt ol s salga SV gl g miaa )y Sl s
S o sul&i 6 gt ol 51 PADL , TIP ,SHAPS fio olajilaus
SIS bules Y-E-PY-Y
s i ee oSS ety o adl 5 sy e O e Jae gl1S Giulal Sk 5o
Sgae o aga b S it as oga JB LB e ail MU 5 di gy Sttt Y
prn (5500 pobs LB (545 (ol oo ol GeddS BB ana oola 5 Jabs el s
oo 5 e polsn (ISl el Bl saliiud b s Sadpe 85080 mire S g
Sledas b 438, LIS b gl @ oluslae (085 5 ce s Wipd oo e
ol (St
b 65505055 el O awtih 5 (535055 oledb) ol S1a1,S Juo S5 (slassls 5,00
sols) slaSlae wipd oo alay sl olilee glhal b dawnia 5 5505l olilee (glsal
pods alas () S o s o) Aslae 51 oS aiieis Jao S gla) e S5 (6l (5015

F BV —L=YX(B—E]

Ladils slaas= L ssay olaas=F
Ladias sluas =B L JL slaas=E
ety slaxs= G ey olaas=v

Goadl ey S S WS e S cd ablBie s ga s 5 (SO s Jate S lddls
sas Ol (sle same (S by Gy 5 di sS o s Ly 8 5:S0eus pas JAs S ol (slagh s
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s By alaad F-YJgan 5 WV oV USE Ho S e o ) Gl ana S S ol
0= 5 ¥-Y Jslan Lo ol sud su, sl Ll iy 5 s dBla cGuly (JU cdag olaad o) yago
el s saly oL (T 0 Slae 5 gl gl JSlae aiy 30

09 o S 3l meen 9505 LaLL Ol 15 Gy B LV E Fyuelie bl 5K
cala dal e VWA= UK 0 aal oa slaol 185 55 50 s gl Ualas b S ase &) 50
5 bagiaie o¥alas 5,0 g Sloliadl alaal o€ 5 s oo plas | Brep Jas S
gk OIS pob sl 4 s sols Gl pea ssa s 5 Ladh @ b e Lol £l
ssay OF oo 4 usls usay L8 glal S pls 0S8 ok sl e S Gl slal <
5l Sy 6 K a8 b VAT S i g n (s s (slags 4 o laliad
leds olans € T Hsae Joa lonasy ook ba K ologs 3 algiad was e lis
35 olagn 88 s aladl S ool Slae S i SIS0 0 b0 il 55 8l 53 ds
oo JSE3 LL (1) JS slasd s S s Jaa cage Juale lad a5l (1) Gl aus b S Gaage
Oled SSus ok 5l (sl ge sy (653380 Ghaled anls Rl 53 Lagg Jlaal 4g 58 00 S
Do 3l sllaadle BB ) shas 50 dulae

St e AL 6585 5 pan a8 @IS Juo (Jlie

ouls YA e g VP oS s Jae Gl B (VY=Y USE oS S 1) g (550 Jao ol Tl
DLl S o Fues Lol Uslas 5o seolie ol 4S5 0ok s V5 s ) By (JU Y

C.\-u-l‘ sa tﬁ_}-‘ls VYYF-Y &w:' BE)

> \ i
. /AR |
// \\ ““ 1,/
~ Z / »
(a) Simple polvhzdra
-

-

(h) Polvhedra with faces o1 :nner loops
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/’O'H - Boundary hole /’\\
& .

(d) Polvhedra with handles ithrough holes)
csrls wia gl ol VY -y S

V=Y IS bl gl Ss) Jsesd slasieal bl sualie Y-V Jgun

n‘;’:ﬁi F E v L B G
\ £ \Y A . \
Y () A [ . \
v \- Y¥ \# : \
¥ \F \vd Y¥ Y \
(] AR Y¥ \Yd \ \
4 \Y Y¥ \Yd . Y
v X Y¥ \Yd Y \ \
A Y- YA Yy ¥ \ \
q \¥ \td YY¥ Y \ \
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sl olidae Y=Y Joua

Operation Oprator Complement Description of operator
Initialize database and creation MBFV KBFV Make Body , Face , Vertex
Create edges and vertices MEV KEV Make Edge , Vertex
Crate edges and MEKL KEML Make Edge , kill Loop
Faces MEF KEF Make Edge Face
MEKBFL | KEMBFL Make Edge , Kill Body
MFKIG KFMLG Face ,Loop
Make Face , Kill Loop
Genus
Glue KFEVMG | MFEKG Kill Face , Edge , Vertex
Make Genus

KFEVB MFEVB
Kill Face , Edge , Vertex

Body
Composite operations MME KME Make Multiple Edges
ESPLIT ESQUEEZE | Edge - Split
KVE Kill Vertex , Edge

s gl Klae 3l guland (6,08 YA 0-Y Jgoa

Operator F E V L B G
MBFV 1 0 1 1 1 0
MEV 0 1 1 0 0 0
MEKL 0 1 0 0 0 0
MEF 1 1 0 0 0 0
MEKBFL | -1 1 0 -1 -1 0
MFKLG 1 0 0 -1 0 -1
KFEVMG | -2 -n -n 0 0 0
KFEVB -2 -n -n 0 -1 0
MME 0 0 0 0
ESPLIT 0 1 1 0 0 0
KVE -m-1) | -n -1 0 0 0

Y
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Input/output Operator Output/input

MBFV o "
. MEV /
o
KEV
' :
I:I MEKL .
KEML
]
MEF N
KEF
Ij MEKBFL gr
KEMBFL

GLUE(KFEVMG) i
e Y K

A

= .‘,____")

’ H ¥,

s i
P -7 UNGLUE(MFEVKG) | L-—-—-o——_. .

UNGLUE(MFEVB)
= MME
S KME

ESPLIT
ESQEEZE

el - - 4

6olsl sla lae 3ok 31 53 5ls255 ol VWA-Y U<

vy
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Generating .
edge |

Planar =
facets |7 '

(a) Cylinder

—— Generating
edges

Planar - Y Gk
facets

(b) Sphere

5 S 5 Ol gt oo ,& B-rep VY-V K

F\
/
7/ V“
" F.
=V,
Fy

2
Faces F, 10 F,, for hole are not shown

S pan 50 Jua VAY-Y K
L JSie S slagi s, 3l eoliiedd b oS saiay peaa sladas calus s @l S ook
o8 sLassy 5 Lagsssn G siledie wiile ol ualIS Sl (B, ol (Sensud

¥
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s pars OB Jue 4 Jals aie sladdB L 6l Olsie 1 Wadas ool ines
3L s CSG 5 e sl b culi, 5 Ll o5 50 dbgsse slagls osa
A5l 5l (guly) Ala aaa 4 WS 10 8 5030 e S e 1) Lo e Ladae (pl 4SS ]
Sl SN 008 e Jae slan!) (ui€ &iels 4S el Y o LT ealin gy SSou iyl )
ol o sl slasSlee 31 suliial il CSG e IS LS, a5 glls aluse
I e wil g5 wiile 0l ge 3 (sl 5a o s 3l o aelLISG 1 T cwali 5 otk

et e (o 5T Borep ke ¢ oy

v, ‘
" TN

MBFV(makes Fy) MME MEF

MEF (makes F,)
MEF (makes F.) MEF (makes Fy)
MME MEF (makes F,) MEF (makes F,)
MEF (makes F,)

MEF (makes Fy)
MEF (makes F,q)

MEF (makes F,<)

MEF (makes F) KEML
MEF (makes F,,) KFMLG

S s 350 Jo olagl WWF-Y K

\vo
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(a) Typical sohd (h) Primitives

O gl salic 5 €pal prua K VNO-Y K
leidlbn oz Awdid

L alic Gl a5 80 annall ol gl yumie Gy 4 pn S

Oblas 72k P-E-FY-Y
PEEENE S| PR &S TN

s (g0 CSG (sladus aa gl jalic Wigdco oS5 aa b (Js olidae 5l solai
Gl S 5 Sl Lyl jumie KWV a-YUSE prsa pana Jae alad (sl JUe ol s
O cdisle 358 IS ol

B. = block positioned praoperly ~
B. = block

B: = B-moved properly in X direction

C, = cylinder positioned properly

C; = Cymoved properly in tle X direction

C- = cylinder positioned properly

> Primitives definitions

C: = Cecmoved properly in t0e X direction _J
51 — B'. ll..nll.L Br'

S.=5,UC,
Construct left half
(VFY-Y)
5-.7 = 517 Ui-‘ C‘._
5!’ = B!’ U= BF
Sp=C U* 5, Construct right half
5; — CF u* 5__'-.
S=5:U*5;

} Model

\v#
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9o L gl yunlic .ond sudt sule Lid (o, ool b LIS 5 a0 5 (6,500 G s VA=Y IS0
~dalie . S oa slasial )l 5 (s 8 S (sla el ol 1l sk o B yaS euaia slasaly s
S e Sy slasid )l JBe ol st wlead suls GLENVIV-YSE o algl snlie 0 3
0 onnd T p Tase 5 3om slasialy 5 aites oF plisy) 5 od e (Jsb hibinne aSe
Wadpe paddie (O b JE) me splie b (MCS wile) pase plese S
“o 5SS Sladas b 5 4S el Jase Sugane glols suale 5a s 0 Sy slasiell

o3 g0

R e
Branch 4

6

St
Branch 3

Branch |

(a) Construction tree

(e} Prumitnes in their proper locations and orientations

(o) Final sold model

old crn S pena Jae WV E-Y (K

vy
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" Cyhinder

— X,

= v < [(RIH ) )}
Cone

Yy

Y,

W+ xH < HW

Xy

gy

Wedge

Torus [Eq. (7 66)]
SIS ) sealie slalisi a5\ WY-Y K

U seolie (g sl suels U blE 5 de yano Sy aulyl yumie b il Blad )
) ai,le Lade game 5ol VAV-Y

Block:{(x,y.z):- <x<w,-<y<Hand - <z < D}
Cylinder: {(x,v.2):x"+y' < R and - <z < H}
Cona:{(x,y,z):x" +¥" < [(R/H),]".and - <z < H}
Sphora:{(x,v.z):x" +¥ "+ 2" < R}

Wedge: {(x,y.2):- <x<w,- <y <H + <z <D and yW + zxH < Hw}
Torus: {(x,y.2): (x" +y" +z" =R —R])" < ¥RI(R] - 2"}

\VA
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CSG oo S sk Ol g el pana Sl aboliie £ sl (5lAS jidie Juad dcilas (52
ook s s o abol8S Jilows Gl sl was oo Glalad | (peadiin £ shas 4o sane pals
0 s b pelais abol S5 00 S o 6 5md 3 dbs g3y Slocadie Ho g s Jea iy B s
Sosbs toml gola s ola sk peaa (5lsas 5o 5 el ok pousia (5ladus
o 55l 0058 e sua sk sl Gud iS5 goladus Ly Hud 8 gaae el

&' ot S lag o5 ahaS A€ iy Wl Ll Gulls s 5o 5 S i Jumd Jade 5 (Ad8s

S adolae K Jie el By a5 SIS 08 S 4ail iy o) 5o s Sl (sl paie

s pal8S Bl 4By 3 pa y paliie lacs g (slasiel )l s 5y SoTde Jumd Jads 5

a9 pobs b plas abol® JolS oldda ok sal o Ja ddinas gl 5 5L S5 b8 plas L

sl 55 o A sk (s ol Juade sl oo

W08 (5L 55 lides din w5k OlSee 1) 59 a9 ok S S e

el GRS B8 ad 505 (oo y3le a ks dlslas Cpl aiius (g LIAN el slael K B 4
Flx,y.2) =V [Qlv = -

ooliie Gl (@12 [3,7,2, Vb ofas olains Gus b olgls o YU dalas Lo

o ile o K SV S a5 USE G OIS pe 1) 99 a0l 5o pbalE ol ol s
oobie T St Jumb aie dolae il [@r] o s b 5 [Q1] s
51 8 aal g

vr(e,l-[e.Dv = -
anle; pob fnl s slaial ol Gl (o jalic 5 4yl sualic 51 CSG Jao S (AL
Dl CSG o Sie slagls s 5L cana Ciuslad 6080 (gl s dibla Jlaa 4 5 0k
sy pob plulad 4 508 pok Gl (s Rrepsladigpes b culs, 5 olaal) LB
Gual CSGa s 3 500 (2bdo) dsne dilos ok ool 5o e (bbb 5 s
Caal Sl Lo ol 5 b ladd® Jay e OB sladas w058 e alal
s g alad
(Sweeping) 90> Yinlos E-E-YY-Y
ke (gans at g g9 aleal peas sladas sladl 6l pols Galo b e slapsb
planl 5 oen S oo Al 5K el ol alaald 908 50 Jold (gans o 5 g0 plesal
- Aol e Sy MBI L ad Cgsla Basb 3 Ul 808 plesal atiias (55 5a0 (5lERe
“so s OIS 0 ge elais (S50 gole Ol i Hlgs alaal a5 S alaal o s
Koo slagiladis © ooy prun Bt Ly S Glan Olsiee cabl ol 5l
GosS S plas 5 pasla slaginld saae (oladie dals Hllas Mee oS suliiul

ol s g s GasS Caola s (e goledae maa el
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Aot odidie sie S Wlitel ol S b Pade BB S eS8 oa b 9S Cusls Lz
coola o pulaliel 5 (easa ((hd ol tasla wsas O8S Cuole g8 des sl e
s oSa ae hde Cgola 5o 4S5, e s Sale s b hd eSa suws (laa
Lo b osola adlipe (GYL L 5 4o 50 3a59) YL 4 5 dalae Glols Fae
-oBales gobualae Bals S 55 s 5 SIS0 S5 Glesane olilee Gk S (ba e

ONA=Y IS ) by oo 258 (psols sla
Sllae o suliiud o) 50 slaglall o 500500l Ml o sla fatio 5 ol sa (glosls sla
99 plaal 550 31 (e G ola cablB sl b (pols Gl Gals s (o S o ols
ool @ ol 1 L 5 Ly ¢} e siagy (SIS el d ) aal i 3158 (gl a

o pialad Gl

Rotatonal avis Boundary ot point

* sel o rotate
7 = i I8 5
/ ' i e
v 1E
RS >
\ - -
N = st ¥
Boundary of point
set to translate
Translational sweep Rotatonal sweep

(a) Linear sweep

/ i
VA4 —> Directnn
VARV a
/o )l
***** 4]
/ 4 Directrix
74 / J
/ 1 .7 T
S
// Directnix
Boundary of point set to move Gluing area
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Examples of unclamping a closed curve with different knot vectors.  (a) Closed
clamped curve; (b) unclamping with no wraparound; (c¢) unclamping with wraparound
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Exercises

Of all affine maps, shears seem to be the least familiar to most people.” Construct
a matrix that maps the unit square with points (0, 0), (1,0), (1, 1), (0, 1) to the
parallelogram with image points (0, 0), (1,0), (2, 1), (1, 1).

In the definition of the variation diminishing property, we counted the crossings
of a polygon with a plane. Discuss the case when the plane contains a whole

polygon leg.

We have seen that affine maps leave the ratio of three collinear points constant,
i.e., they are ratio-preserving. Show that the converse is also true: every ratio-
preserving map is affine.

We defined the convex hull of a point set to be the set of all convex combinations
formed by the elements of that set. Another definition is the following: the
convex hull of a point set is the intersection of all convex sets that contain the
given set. Show that the two definitions are equivalent.

Show that the n + 1 functions f;(¢) = ¢';i = 0,..., n are linearly independent.

Our definition of barycentric combinations gives the impression that it needs the
involved points expressed in terms of some coordinate system. Show that this
is not necessary: draw five points on a piece of paper, assign a weight to each
one, and construct the barycenter of your points using a ruler (or compass and
straightedge, if you are more classically inclined).

Remark: For this construction, it is not necessary for the weights to sum
to one. This is so because the geometric construction remains the same if we
multiplied all weights by a common factor. In fact, one may replace the concept
of points (having mass one and requiring barycentric combinations as the basic
point operation) by that of mass points, having arbitrary weights and yielding
their barycenter (with the combined mass of all points) as the basic operation.
In such a setting, vectors would also be mass points, but with mass zero.

Let a triangulation consist of b boundary points and of i interior points. Show
that the number of triangles is 2i + b — 2.

Fix two distinct points a, b on the x-axis. Let a third point x trace out all of the
x-axis. For each location of x, plot the value of the function ratio(a, x, b), thus
obtaining a graph of the ratio function.

Suppose a planar Bézier curve has a control polygon that is symmetric with
respect to the y-axis. Is the curve also symmetric with respect to the y-axis? Be
sure to consider the control polygon (—1, 0), (0, 1), (1, 1), (0,2), (0, 1), (=1, 1),
(0,2), (0, 1), (1, 0). Generalize to other symmetry properties.
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Use the de Casteljau algorithm to design a curve of degree four that has its
middle control point on the curve. More specifically, try to achieve

1
b2 :bg <§>

Five collinear control points are a solution; try to be more ambitious!
The de Casteljau algorithm may be formulated as
fB[b(), oL bt] = (1 —=0Bby,...,b,—1;t] + tBby,...,b,;t].

Show that the computation count is exponential (in terms of the degree) if you
implement such a recursive algorithm in a language such as C.

Show that every nonplanar cubic in E* can be obtained as an affine map of the
standard cubic (see Boehm [64]):

t
x(t)= | #
l3

Consider the cubic Bézier curve given by the planar control points

LG

Att = 1/2, this curve has a cusp: its first derivative vanishes and it shows a sharp
corner. You should verify this by a sketch. Now perturb the x-coordinates of by
and b, by opposite amounts, thus maintaining a symmetric control polygon.

Discuss what happens to the curve.
Show that a nonplanar cubic Bézier curve cannot have a cusp. Hint: use the fact

that by ~1, b7~ !, b} are identical when we evaluate at the cusp.

Show that the Bernstein polynomial B! attains its maximum at ¢ = i/n. Find
the maximum value. What happens for large n?

Show that the Bernstein polynomials B} form a basis for the linear space of all
polynomials of degree n.

14y
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Use subdivision to create smooth fractals. Start with a degree four Bézier curve.
Subdivide it into two curves and then perturb the middle control point b, for each
of the two subpolygons. Continue for several levels. Try to perturb the middle
control point by a random displacement and then by a controlled displacement.
Literature on fractals: [30], [346].

Use subdivision to approximate a high-order (n > 2) Bézier curve by a collection
of quadratic Bézier curves. You will have to write a routine that determines if a
given Bézier curve may be replaced by a quadratic one within a given tolerance.
Literature on approximating higher order curves by lower order ones: [290],
[294].

Consider the parabolic arc C{u) = {z(u),y(u)) = (-1 — u + 2u?, —2u + u?),
0 < u < 1. Sketch this curve. The curve is rotated and translated by applying the
transformations to the functions z(u) and y(u). Apply the two transformations

(1) 90° rotation about the origin. The rotation matrix (applied from the left) is

0 -1
1 0
(2) translation with the vector (—1,—1).

The implicit equation of the underlying parabola is a? —dzy+4y* —dz-y-5 = 0.
Sketch this curve. Apply the previous rotation and translation to this equation. Hint:
let %% be the transformed coordinates. Find expressions x = f(&,y) and y = g9(%, %)
and substitute these into the implicit equation to obtain the implicit equation of the
transformed parabola.

Determine formulas for the number of additions and multiplications necessary
to compute a point on an nth-degree three-dimensional power basis curve.

Construct a cubic power basis curve with a loop. Hint: think about what end-
points and end derivatives, C'{0) and C'(1), are necessary.

Construct a cubic power basis curve with a cusp. Hint: think about C'(u) and
C"(u). Sketch what z'(u), o' (u), £”(u), and y"”(u) need to look like as functions of u.
Determine a suitable C”(u), and then integrate to obtain C'(u) and C(u).

Construct a cubic power basis curve with an inflection point.

Lot C(u) = (z{u),y(x)) = (1+u—2u® +u*,1 —2u +u?), -1 < u < 1. Let
w = 2u— 1. Derive the curve C{v) by substituting 2v —1 for u in C(u). What degree is
the curve C(v)? Compute C(u) for u = ~1,0, 1. Compute C{v) for v = 0, 14, 1. What
can you say about the curves C(u) and C(v)? C(v) is called a reparameterization
of C(wu).

( )It is sometimes necessary to reverse a curve, i.e, given Cy(u), 0 < u < 1,
produce Ca(v}, 0 € v < 1, such that the two curves are the same geometrically, but
C;(0) = Cz(1) and Cy(1) = C2(0). How would you do this using the Bézier form?
The power basis form?

1y
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Consider the circle

1-u?  2u
Clu) = (mm)

Determine which ranges of the parameter u yield which quadrants of the circle. Do

these equations yield the entire circle? What can you say about the parameterization?
Find the rational Bézier representation of the circular arc in the second quad-

rant, i.e., determine the P; and w;. Hint: use symmetry and check your result by

showing that (z(u))* + (y(u))® =1 for all u € [0, 1].

1 ?0. The circular arc in the first quadrant is also given by the equation

V2
1+ (v2-2)u+ (1 - v2)u? Tu((ﬁ_z)u+2)

Cu) = 1+ (vV2-20u+(2-v2)u?’ 1+ (V2 —2u+ (2~ v2)u?

Determine the rational Bézier representation corresponding to these equations. Hint:
the P; must be the same as before — (1,0), (1,1), (0,1); Why? Compute the weights w;
by equating polynomials and substituting u = 0, }/2, 1, as done previously. Compute
the point C(/), using any method. What is interesting about C(1/2)?

Why do quadratic curves touch their control polygons at knots?

If a quadratic curve has an inflection point, it must be at a knot (see the figures).
Why?

Construct a C* continuous cubic curve with a Cusp.

»

Let a cubic curve be defined by C(u) = 3 _

U= {Ur ¢,0,0, l/‘l! 1/4) 2/3: 3/45 1,1,1, 1}
a. Assume some arbitrary locations for the P; and sketch the curve.
b. Where is the point C{1/)7?

c. If P; is moved, on what subinterval of [0, 1] is C(u) affected? If P is moved, what
subinterval is affected?

d. Which control points are affecting curve shape on the interval u € |1y, %4)? On
the interval u & [2/, 3/4)?

Let C(u) = Yo, Nia(u)P;, where U ={0,0,0, 1/2,1,1,1} and P, = (~1,0),
P = (-1,1), P, = (1,1), and P5 = (1,0). Sketch C{u). Compute C'(u), i.e., its
control points and knot vector. Sketch C'{u).

Nia(u)P; and the knot vector

V40
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Consider the B-spline surface 8(u,v) = 370 4 377 ) No2(u)N;2(v) Py s
where U=1{0,0,0,1,1,1,1}
V ={0,0,0,1,1,1}
and Poo = (0,0,0) Pig=(3,0,3) Pyo=(603) Pso=1(9,0,0)
Py =(0,2,2) Pi1=(3,25 Pa1=(6,25 Ps1=(922
Poa=(0,4,0) Py2=(3,4,3) Paz=(6,4,3) Psz=(9,4,0)

Compute S(3/10, 8/10) by evaluating the nonzero B-spline basis functions and multiply-
ing these by the appropriate control points.

Let 8%(u,v) = Zilﬁo E_::u Ni1(u) N1 (v) PY;, where {Po,0, Pig, Po,y, P11} =
{(0701 1): (01 113)1(2r 1, 1)?(2a073)}) {wﬂ.ﬂywl.mwﬂ.l:wl,l} = {2y L1, l}u and U =V =
{0,0,1,1}. Derive the four rational basis functions, Ri ;(u,v), 0 < 4,7 < 1, and the
rational coordinate functions x(u,v), y(u,v), and z(u,v) of the surface S(u,v).

\4#



